In this article based on the McKeon et al . approach, it can be shown that the renormalization group equation while it is related to the radiatively mass scale µ, operates to do a summation over QCD perturbative terms. Employing the full QCD β-function within this summation, all logarithmic corrections can be presented as the log-independent contributions. In another step of this approach , the renormalization scheme dependence for QCD observable which is characterised by Stevenson, can be examined by specifying the renormalization scheme in which the β-function beyond two-loop orders is utilized. In this regard two choices of renormalization schemes would be exposed. In one of them the QCD observable is expressed while involves two powers of running coupling constant such that the perturbative series contains just two terms. In another choice the perturbative series expansion is written as an infinite series in terms of two-loop running coupling which can be presented by Lambert W -function. In both cases the QCD observable involves parameters which are renormalization scheme invariant and the coupling constant which is independent of renormalization scale. We then consider the other approach which is called the complete renormalization group improvement (CORGI). In this approach, using the self consistency principle it is possible to reconstruct the conventional perturbative series in terms of scheme invariant quantities and the coupling constant as a function of Lambert-W function. It should be noted while in the renormalization group summation method of McKeon et al ., scheme dependence of observables is investigated separately from their scale dependence, in CORGI approach, through the principle of self consistency, both scale and scheme parameters are utilized together. In continuation we examine numerically these two approaches, considering two QCD observable. The first one is R e + e − ratio, investigated at three different colliding energies and the second observable is Higgs decay width to gluon-gluon. Comparison for R e + e − with the available experimental is done. The results based on the McKeon et al . approach are in better agreement with the experimental data.
I. INTRODUCTION
There are different approaches to optimize the QCD observable. One of them is called principle of maximum conformality (PMC) which was intimated by S.J.Brodsky and collaborators [1] [2] [3] [4] [5] . In this approach the perturbative series is divided into two conformal and nonconformal parts. The conformal part does involve the terms which are independent on the employed scheme. The non-conformal parts are absorbed into the coupling constant by choosing proper scales. During the absorbtion, the renormalization scales would be fixed and determined and final result is such that the conformal series to be independent of the used scheme and scales. The division of the series can be done, using an auxiliary scheme that is called R δ scheme [2] . In connection to the PMC approach some other research activities have been done which can be found in [6, 7] .
Another approach to optimize QCD observable is called complete renormalization group improvement (CORGI) [8] . In this approach, using self consistency * Akrami@stu.yazd.ac.ir † Corresponding author:A.Mirjalili@yazd.ac.ir principle, it is possible to write each expansion coefficient at high order, in terms of coefficients of lower orders and an invariant scheme independent terms which are unknown at that high order. If one resumes the contribution of each expansion terms at lower orders then it can be shown that the result would be scale and scheme independent. This provides an opportunity to reconstruct the initial perturbative series in terms of scale and scheme independent terms and also coupling constant which are determined at the physical energy scales and consequently the scale ambiguity is removed. There might be some connections between the PMC and CORGI approaches which have been discussed in [9] . The most important one is that the predictable terms in CORGI approach can be assigned to the non-conformal part since the predictable terms are scale and scheme dependence while unpredictable terms can be related to the conformal part of PMC which is scheme independent. For more details, see [9] .
As a third approach which has been initiated by D. C. McKeon and his collaborators and we call it McKeon et al . approach, it can be shown that upon resummation of all perturbative series terms to all orders, using the full QCD-β-function, the result would be scale independent and just depends on the physical energy scale, Q, without any ambiguity. In continuation using the scheme dependence of coupling constant, it is shown how the perturbative coefficients up to specified high order, can be written in terms of coefficients at lower orders toward the lowest order coefficient [10] [11] [12] [13] [14] . This stage is like the one in CORGI approach but with one little difference. In CORGI approach the perturbative coefficients at specified high order are obtained in terms of coefficients at lower orders based on self consistency principle. In this regard, it is required to obtain the derivative of perturbative coefficients not only with respect to the scheme parameters, but also with respect to renormalization scale which is casted in terms of τ variable, see [15] . Therefore, in comparison with McKeon et al . approach, the result of CORGI approach for perturbative coefficient at a specified high order, not only contains the coefficients at lower orders, but also involves more extra terms. This occurs, as we refereed above, because the separation between scale and scheme dependence does not happen during the optimizing procedure in CORGI approach while it has been supplied by the utilized approach of Mackeon et al .
We are know planning to discuss in more details the differences and similarities between CORGI and Mackeon et al . approach and to investigate which one has more preference. We specially examine this procedure, considering two QCD observable: one is the ratio of electron positron annihilation to hadrons and the other is the Higgs decay width to gluon-gluon. But at first we need to review the basic concepts of theses two approaches which it is done in the further sections.
The organization of this paper consists of the following section. In Sec. II [10, 11] . We are inevitable to resort them in order the readers can follow easily and precisely the concerned subject. As an example how the renormalization group summation has been done, the QCD observable for e + e − annihilation is examined. In following, it is shown how by achieving a recurrence relation between perturbative terms, the result of summation on all perturbative terms would be independent of renormalization scale as an unphysical parameter.
The cross section of e + e − annihilation into hadrons, after normalizing it to µ + µ − pair production, can be written as:
The expansion of R in terms of coupling constant a has the following form:
The coefficient of r n , arising from contribution of Feynman diagrams to the observable R can be represented by [10] :
In this equation T 00 = 1 and L = b ln( µ Q ) where µ is renormalisation scale while Q is the physical center of mass energy in e + and e − collision .
Since R is independent of renormalization scale µ, so the renormalization group equation (RGE) implies that:
The µ-dependence of the coupling is governed by the QCD β-function equation [16] :
noting to the number of active quark flavor. The higher coefficients c 2 , c 3 , ... serve to label the RS dependence [17] .
To indicate the coefficients b and c in Eq.(5) are scheme independent, one can consider two different coupling a and a * at two different scheme, such that [11] :
therefor β * (a * ) = µ ∂a * ∂µ = β(a) ∂a * ∂a .
Then one can show:
If we substitute a * from Eq.(6) on the first row of Eq. (8) and compare the result with the second row of this equation , then one will arrive at
After this introductory subject we now deal with in details the McKeon et al . approach.
A. Renormalization group summation
Here based on the McKeon et al. approach, it can be shown that by a full resumation on the QCD perturbative series the unphysical parameter, µ, would be disappeared and the final result for any QCD observable, as it is expected, is independent of the unphysical parameter. One of the feature of McKeon et al. approach with respect to the CORGI approach is based on this fact that to achive this approach, it does not need to use the self consistency principle and all required considerations to construct the McKeon et al. approach totally back to the RGE for QCD β-function. In CORGI approach one needs to employ the self consistency principle not only for the scheme parameters but also for the scale parameter µ. Therefore the scale and scheme parameters are used simultaneously during the optimization process in CORGI approach while in the McKeon et al. approach, a separation between the renormalization scale parameter in one hand side and scheme parameters on the other hand side are realized perfectly. Now we do a brief review on the McKeon et al. approach to show how the unphysical parameters would be removed in perturbative series for any QCD observable, just using RGE of QCD-β function. For this purpose, by substituting Eq.(3) in Eq.(2) the following result would be arrived [10] :
To satisfy the condition r 0 =1 in Eq.(2), it is required that T 0,0 = 1. From Eq.(10), the following expression should be assigned to r n :
If one set m = 0 then
which is similar to Eq.(2). Now a new grouping, denoted by A n is introduced [10] :
This makes a possibility to sum the contribution to R, considering the RGE. Therefore using Eq.(13) in above, the R in Eq.(10) would have the following presentation:
Substituting Eq. (14) in Renormalization Group Equation, Eq.(4), it can be shown:
Using this equation and rearranging the order of sums, A n can be written as:
Considering QCD β-function, Eq.(5), one will arrive at:
where Λ is related to be boundary condition on Eq.(5) such that:
Defining η = ln µ Λ and using the recurrence relation, Eq.(17), the following result would be obtained: 
(20) To prove the above relation, it is easily to show:
On the other hand, using the Taylor expansion for the right hand side of Eq. (20) , one can write
which is equivalent to the right hand side of Eq.(21), considering the expansion of exponential term. Consequently, based on the definitions of L and η parameters, one can see that [11] :
This equation shows that all dependence of R on µ scale has been cancelled. This is a pleasant result since µ is an unphysical parameter and it is expected to be removed it by doing a full resumation on the QCD perturbative series.
B. Renormalization scheme dependence
In previous section, it has been shown that the final result for pertutbartive series of any QCD observable is independent of renormalization scale, µ, as unphyscical parameter. Here a brief review on the McKeon et al. approach is done to indicate how the perturbative series of QCD observable would be scheme independent and therefore the final result for the QCD perturbative series is reliable and independent of the scale and scheme parameters.
Let us to start the subject by reminding that the first two b and c parameters in QCD β-function are independent of renormalization scheme while the expansion parameters c i (i ≥ 2) are renormalization scheme dependent. It is now shown explicitly how R A in Eq.(14) depends on c i parameters. Since R A is arising out from the sum over all perturbative terms, it should be independent of any choice for renormalization scheme. Therefore one can write [17] :
Here β i (a) is defined by
which indicates how the coupling constant depends on the c 2 , c 3 , ... scheme parameters where β(a) = β(a)/b. The solution of this equation is as following [17] :
By setting T n,0 ≡ T n in Eq.(10) and based on Eq.(24) one can derive the following result:
∞ n=0 a n+1 ∂T n ∂c i + (n + 1)β i (a)T n a n = 0 .
This leads to a set of nested equations for T n :
Reminding that T 0,0 = T 0 = 1.
For the T 2 coefficients one can derive
where τ 2 is again constant and an scheme invariant.
For the T 3 coefficient one leads to the two following set of equations:
Simultaneous solution of these two differential equations will end to
where again τ 3 is constant of integration and scheme invariant.
For the T 4 coefficient, one will get:
Solving the differential equations in Eq.(32) compatibly with each other, give us the following result:
where once again τ 4 is constant of integration and RS invariant.
Following the procedure, introduced in [10] two specific choices of renormalization scheme are considered. In the first scheme, the c i are selected so that T n = 0 (n ≥ 2). By this choice one then find from Eqs.Eqs. (28, 29, 31, 33) the following results:
In this case, the expansion series in Eq.(10) or equivalently Eq.(23) contains just two terms [10] :
where the coupling a (1) in addition to universal parameters b and c, depends also on the c 2 , c 3 and other scheme parameters. It should be noted that since Eq. (23) is independent of renormalization scale µ, the finite expansion in Eq. (35) has been written in terms of physical energy scale Q. As can be seen the result for the observable R is scheme independent since τ 1 is RS invariant and coupling constant a (1) is independent of renormalization scale.
In the second case, the scheme parameters are used such that c i = 0 (i ≥ 2) which is corresponding to the 't Hooft scheme [18] . With this choice, considering again Eqs. (28, 29, 31, 33) will lead to T n = τ n . In this case Eq.(10) contains the infinite series:
Like the expansion in Eq. (35) and with the similar reason, just the physical energy scale Q is appearing in series expansion of Eq.(35) while τ 1 ,τ 2 and etc. are RS invariant.
The a (2) coupling in Eq.(36) is obtained from the solution of QCD-β function while just two universal parameters b ad c are kept there. Therefore it can be expressed in terms of the Lambert-W function . For details, it is required to back to Eq.(5) while the general solution reduces to:
where τ is RS parameter, defined by τ = b ln( Q Λ ). By setting c n = 0 in Eq.(37), one will get:
To solve this equation the W (Q) function is defined such that:
Here a 0 = a 0 (Q). Finally one can write:
If
The solution of this equation is called Lambert Wfunction [19, 20] then from Eq.(39) the following result can be obtained:
However two different cases for the McKeon et al. approach have been introduced but it can be shown that the expansions for R (1) and R (2) given by Eq. (35) and Eq.(36) are equivalent to each other. For this purpose two different couplings a c and a d are considered which evaluated by different renormalization schemes associated with parameters c i and d i respectively [10] :
The couplings a c and a d are being satisfied, each one, by their related QCD β-functions such that
Since dac ddi = 0 then it can be written
Using the boundary condition λ n (c i , c i ) = 0, a set of differential equations can be obtained for λ n whose solutions lead to the following relation for couplings:
Substituting this equation in Eq.(35) and using 't Hooft scheme in which d i = 0 (i ≥ 2) then the expansion for R (1) reads to
Evaluating c i from Eq.(34) in terms of τ i s, and substituting them in above equation, after proper rearranging the desired series expansion, one will arrive at [10] :
which is complectly corresponding to series expansion for R (2) in Eq. (36) . Remembering that the a d coupling in Eq.(47) is evaluated while the scheme parameters d i = 0 (i ≥ 2). Therefore it can be shown by a (2) as the Lambert-W function and this gives us a full agreement between Eq.(35) and Eq.(36).
III. CONSIDERING SOME OBSERVABLE IN MCKEON AND AT AL AND CORGI APPROACHES
After achieving the required mathematical framework for the McKeon et al. approach, we now examine it, considering two QCD observable. We do their numerical calculations and compare them in further section with the results which will be obtained from CORGI approach. At the first we employ the McKeon et al. approach to obtain the ratio of cross sections for the electron-positron annihilation into hadrons at the center of mass energy √ s = 31.6 GeV .
A. Electron-positron annihilation in Mckeon and at al approach
The expansion up to fourth order for R e + e − as the ratio for electron-positron annihilation into hadrons with N f = 5 can be written as [21, 22] : Using Eqs. (28, 29, 31) the numerical values for the required RS invariants are given by:
We take the number of active quark flavour N f = 5 at colliding energy √ s = 31.6 GeV and consider the QCD cut off value in the M S scheme as Λ MS = 419 +222 −168 M eV which is raised from empirical value for R e + e − [2] . Final numerical result for the ratio of cross section in the Mckeon at al approach up to fourth order would be
R e + e − = 1 + a + τ 1 a 2 + τ 2 a 3 + τ 3 a 4 = 1.0556 +0.006 −0.006 ,
which is in good agreement with its available experimental value R e + e − = 1.0527 +0.005 −0.005 [23] . Reminding that the coupling constant a in Eq.(52) is given in terms of Lambert-W function ( see Eq. (42)).
There is a possibility to get more precise numerical value for R e + e − if we do the calculations at first in Euclidean space and then by contour improved back the result to Minkowski space. This is because the perturbative coefficients for the concerned observable have been computed more precisely in Euclidean space. In this regard we need to a relation between the ratio for e + e − annihilation and Adler D-function in Euclidean space which can be found in [30] :
The Adler D-function would have the following expansion:
where d i coefficients are known in [21, 22] . Nevertheless if one is interesting, can do some computations which finally yields di s coefficients in terms of r 1 s ones. Similar computations but for Higgs decay width to gluon-gluon in details is done in Subsec.IV B. Doing the same calculations but for R e + e − will lead to:
From Eqs. (28, 29, 31) one can obtain τ i as it follows where in these equations T i are replaced by d i . Therefore one can write:
To back the result to Minkowski space it is required to use the analytic continuation then the observable R can be written as [31] [23] . If we take Λ MS = 210 +14 −14 M eV which is corresponding to world average value α s (M Z ) = 0.1181 [24] then we get 3 11 R e + e − = 1.0471 +0.0006 −0.0007 . The related conventional value for this observable is 3 11 R e + e − = 1.0461 +0.0015 −0.0008 [5] . Since there are experimental data for R e + e − up to center of mass energy 208 GeV [25] or even more, we do as well the required calculations in the McKeon et al. approach, taking Λ MS = 210 +14 −14 M eV at the energy scales 42.5 and 56.5 GeV. What we obtain for 3 11 R e + e − at these energy scales are 1.0463 and 1.0441 respectively which are comparable with their experimental values, i.e. 1.0554 [26] and 1.0745 [27] . It seems that by increasing energy scales the experimental data becomes little by little far away from the theoretical prediction as can also be seen from [28] (see Fig.8 .4 of this Ref.). This is the reason we suspend to consider the R e + e − at the other high energy scales. A summery of numerical results is listed in Table  I .
B. Electron-positron annihilation in CORGI approach
Here we are going to do the same calculation for electron-positron annihilation into hadrons but in CORGI approach. The required information for this approach can be found in [8, 9, 15] . We just remind that in this approach, using the self consistency principle while the scheme parameters as well as renormalization scale are taken into account, it is possible to obtain an expression for pertutrbative coefficients of QCD observable at high order in terms of coefficients at lower order. Then doing the resumation over the perterbative expansion but at a specified order, the resummed result for instant at next-to-leading order (NLO), or the resummed result at next to NLO (NNLO) and etc. is such that to be RS invariant while the renormalization scale is disappeared as well. Hence there is a possibility to reconstruct the perturbative series in terms of RS invariants while this new constructed series does not depend as well on renormalization scale as an unphysical parameter. By this brief introductory we are now intending to present the numerical result for the R e − e + ratio in the CORGI approach.
The full theoretical expression for the electron-positron annihilation into hadrons can be written as [32] :
where R is the perturbative corrections to the parton model result and has an expansion as it follows: R(s) = a(1 + n r n a n ) .
In Eq.(58) R refers to "light-by ligh" contribution and due to factor f Q f 2 which is zero for light quark flavors, it would be eliminate from the calculations.
In the Minkowski space, based on the CORGI approach, the perturbative part of intended observable has the following presentation [9] :
The X 2 and X 3 are scheme invariant quantities and according to notation of McKeon et al . approach can be written in terms of T i coefficients (see Eq. (12) . The explicit expressions for these quantities have been presented in Ref. [33] (see Eq. (26) of this reference). Then we will arrive at the these numerical results: 
Here X i s are RS invariants and can be written in term of d i coefficients [9] . The X 2 and X 3 numerical results for the Adler D-function are as following :
Using the analytic continuation, given by Eq.(57) and substituting Eq.(62) into it, the numerical value for the full expression R(s) in Minkowski space can be obtained. Numerical result for the concerned observable at the NNLO approximation, based on the CORGI approach, arouse out from analytical continuation and taking Λ MS = 419 +222 −168 MeV would be R e + e − ( √ s = 31.6GeV ) = 1.0523±0.005. This result is in better agreement with reported experimental data: 1.0527±0.005 [23] than the result, attained before, from direct calculations in Minkowski space.
Like to what we did in previous approach, we do as well the calculations in CORGI approach for 3 11 R e + e − at the energy scales 42.5 and 56.5 GeV, taking Λ MS = 210 ± 14. What we obtain are 1.0436 and 1.0425 respectively while their experimental values are 1.0554 [26] and 1.0745 [27] . Similar calculations in CORGI approach at √ s = 31.6 GeV but with Λ MS = 210 ± 14 have also been done. The related numerical values are listed in Table I .
IV. HIGGS DECAY TO GLUON IN MCKEON ET AL. APPROACH
As a second observable in McKeon ea al. approach we take into account the Higgs decay width to a gluon-gluon pair (H → gg). This observable will be of fundamental phenomenological importance and its dominant contribution is given by [34] :
where G F is the fermi constant and M H is higgs boson mass. The numerical and perturbative series expansion of R(M H ) is given later on in Subsec.IV B and Sec.V respectively.
As before we first review how the scale renormalization will be removed when we do a resummation over all perturbative terms of this observable. The procedure to do RG summation for H → gg in many senses is like the one for R e + e − ratio. Nonetheless it involves its own worth to do it again for this observable. According to the notation of McKeon ea al. approach, the expansion series of R(M H ) has the following representation:
where T 0,0 = 1 and L = ln µ MH . Eq.(65) depends on renormalization scale µ as unphysical quantity and it is possible to show, as for the perturbative expansion in Eq. (10) , that all dependence on µ in Γ(H → gg) can be removed by doing a summation over all logarithmic terms. We should note that the series expansion in Eq.(65) has an extra factor a 2 s with respect to Eq.(10). In this regard, the other grouping is introduced:
T n+m,n a n+m+2 (n = 0, 1, 2, ...) . (66) Now Eq.(64) can be represented by:
The RG equation implies that
which like before leads to
By introducing η scale as it follows [11] η =ˆa 
where Λ is defined by Eq. (18) . Now one can show that A 0 , A 1 ,. . . and finally A n can be represented in terms of A 0 . Therefore we can write
and finally
The series expansion of exponential term in Eq.(75) makes the right hand side of this equation like the Taylor expansion of A 0 (a(ln µ Λ − L)). For this purpose, as before one can write
Consequently the sum in Eq.(75) results in
As shown by Eq.(77), the renormalization scale µ for Higgs decay width to gluon-gluon has been removed by doing a summation over all its pertutbative series terms.
Finally using Eq.(66) with m = 0, Eq.(77) would be appeared as:
A. Renormalization Scheme dependence for H → gg
Here we specifically investigate how the series expansion for Higgs decay width to gluon-gluon can be appeared in which it becomes RS invariant.
As before the RS dependence of the expansion coefficients T n in Eq.(78) can be founded by using the RG equation
where β i (a) has been given by Eq. (25) . Considering perturbative part of Higgs decay in Eq.(78) as
and employing Eq.(79) we then arrive at
a n+2 ∂T n ∂c i + (n + 2)a n+1 T n = 0 . (81)
This equation leads to a sequence of equations for T n order by order in terms of a that their solutions are
where λ 1 and λ 2 are constants of integrations and RS invariant. For T 3 coefficient, one can write
which leads to
One can derive for T 4 coefficient in similar manner the following differential equations:
which leads to the final result:
This process can be followed to obtain the other expressions for higher order of T i coefficients. Like for T 1 and T 2 the λ 3 and λ 4 in coefficient of T 3 and T 4 are constant of integration and RS invariant that can be determined once T i and c i have been evaluated in some mass independent RS.
Since the summation of concerned perturbative series are scheme invariant, again two particular RS are of special interest. In the first scheme one can set c i = 0 (i ≥ 2) and consequently T n = λ n . In this case Eq.(80) is appearing as
In the other case with setting T i = 0 (i ≥ 2), Eq.(80) would involve just two terms
Reminding that the coupling a in Eq.(88) depends on the scheme parameters c i while the coupling Eq.(87) depends just on two b and c universal scheme parameters that can be expressed in terms of the Lambert function W (x) i.e x = W (x)e W (x) . Again, considering the relation between the couplings at two different schemes, one can show that two presentation of Eq.(88) and Eq.(87) are equivalent such that
B. Numerical value for Higgs decay to gluon
In this section we do numerical investigation for the Higgs decay width to gluon-gluon in McKeon et al. approach. The Higgs boson decay to gluon-gluon is given by Eq.(64) where R(M H ) in this equation has a numerical expansion in conventional perturbative QCD as it follows [34] R(M H ) = a 2 (1+17.9167a+153.15787a 2 +393.822a 3 +...) .
(90)
According to the notation of McKeon et al. approach, one can obtain from Eq.(90) the following numerical values for the T i coefficients:
(91) From Eqs.(82,84) the following numerical values for the λ i as RS invariants would be obtained: [36, 37] . As for R e + ,e − ratio it is possible to follow the numerical calculation in Euclidian space and then by contour improved back to Minkoski space to get more precise result.
Back to Eq.(93) the related Adler-D function should have the following expansion
d n a n ) =a 2 +d 1 a 3 +d 2 a 4 +d 3 a 5 +... .
(94)
There are the following relations between that d i coefficients and the T i ones in Eq.(80) where we deal with about them in next section:
Now using Eqs. (82,84) one can obtain λ i invariants as it follows:
Finally the perturbative part in Minkowski space converts to
where in addition to λ i quantities as RS invariants, a 2 coupling that is written in terms of Lambert-W function, is independent of renormalization scheme and depends just on physical energy scale Q = M H . Now the results for Higgs decay width to gluon-gluon in the McKeon et al . approach but in the Euclidian space is accessible. Using the contour improved integration as in below we could get the decay width in the Minkowski space:
Finally by taking M (H) = 126 ± 4 GeV and Λ n f =5 QCD = 210 ± 14 M eV the result would be Γ(H → gg) = 0.370 ± 0.01 M eV which is compatible with the convention one: 0.349 ± 0.05 M eV . At the moment there is not any experimental data for Higgs decay width to gluongluon. But it is expected the result, arising out from counter improved, shall be closer to experimental value. Similar calculations but with updated value for Higgs mass, M H = 125.18 ± 0.16GeV [24] have also been done. The concerned numerical results have been brought in Table II .
V. HIGGS DECAY TO GLUON IN CORGI APPROACH
Here we review how to obtain the result for Higgs decay to gluon-gluon in CORGI approach. More details can be found in [9] . Nevertheless in order the readers can follow the subject clearly, some main steps to arrive at CORGI approach for Γ(H → gg) are given here. Reminding that in conventional perturbative series, the Higgs decay width to gluon-gluon is given by
where a = αs π is coupling constant and coefficients r i are known in [34] . As it is obvious the perturbative part of Eq.(101) is presented by:
Self-consistency principle for this observable up to n-th order, yields us [17] ∂R (n)
where n = 1, 2, ..., n and RS stands for the scale parameter τ = b ln µ Λ as well as the scheme parameters such as c 2 , c 3 , c 4 , ... [9, 15] . Considering two terms in Eq.(102) that is
and using self-consistency principe with respect to τ variable, one then concludes
Here ρ 1 is RS invariant and independent of un-physical scale parameter τ . Adding the third term to Eq.(104) which contains the r 2 coefficient then it appears as:
Then by derivation of R(Q) with respect to the related RS parameters, one arrives at
where in deriving the first above differential equation, the Eq.(26) has been used. Simultaneous solution of differential equations (107) will lead to:
Here X 2 is the constant of integration and RS invariant. If the forth term of the series expansion in Eq.(102) is considered such that
then self consistency principle implies that
Considering the above differential equations, the result for r 3 (r 1 , c 2 , c 3 ) is 
Doing resummation for the individual NLO, NNLO and etc. contributions in above equation and employing the 't Hooft scheme at any specified order such that c 2 = c 3 = ... = c n = 0 and for convenience to set r 1 = 0 then one will arrive at the following result [9] R(Q) = a 2 0 + X 2 a 4 0 + X 3 a 5 0 + ... . Since the calculation can be done in Euclidean space as in the R e + e − , it is needed to convert the calculations from the Minkowski to Euclidean space. For this propose at first one needs to a relation between coupling constants at different scales:
(115) The following relations exist for the h i s coefficients [35] : 
Using the counter improved integration as in below we could get back the decay width to the Minkowski space:
(119) where X 2 = 472.8741 , X 3 = 10096.8174 (120)
To compute the above numerical results, we need again to Eqs.(108,111) while r i coefficients are replaced by d i ones, given by Eq. (118) . As before a 0 (s 0 e iθ ) is coupling constant in CORGI approach. To do numerical calculation for the decay width H → gg in the CORGI approach, we take as before G F = 1.16638 × 10 −5 GeV −2 and the Higgs mass M H = 126 ± 4 GeV while we take N f = 5 and Λ MS = 210 ± 14 M eV . What we obtain for the concerned decay width would be:Γ(H → gg) = 0.379 ± 0.03 M eV which can be compared with the conventional result : 0.349 ± 0.05 M eV [36, 37] . The numerical results, considering updated value for Higgs mass, M H = 125.18 ± 0.16GeV [24] , have been added in Table  II .
VI. CONCLUSION
In this article, we reviewed first the principles that the McKeon et al . approach has been based on them [10] [11] [12] [13] [14] . In this approach two essential steps have been done. At first by defining a new summed group, denoted by A(n), it was tried by taking into account the RGE, to find a pattern which gives a recurrence relation between the n th and the (n − 1) th order of A(n). Finally the concerned quantity at n th order can be written in terms of the its first order. In deriving this pattern the role of QCD β-function is very essential. Then by constructing the primary series of QCD observable in terms of A(n) and doing a resummation over all perturbative terms, the renormalization scale as an unphysical quantity was disappeared and the final result for the QCD observable depended just on physical energy scale Q (see Eq. (23)).
In the second step of this approach, RS dependence of perturbative series coefficients were being investigated. Considering the differential equation for the coupling constant with respect to scheme parameters c i , (i 2), based on the Eq.(25) one could rewrite the perturbative series of QCD observable in terms of scheme invariant quantities while the coupling constant depends just on the physical energy scale, written in terms of Lambert-W function (see Eq. (36)). It should be reminded that in this approach there is a possibility to render the RS invariant and scale independence of series expansion such that the series contains just two terms. In this case the related coupling constant, however is scale independence, but depends on the scheme parameters c 2 , c 3 and etc. But the series is overall independent of renornalization scale and scheme (see Eq. (35)). At the end of subsection Converting the CORGI approach to the PMC one, is the other research task which is not easy to do it and we hope to be able to report about it in future. The McKeon et al . approach can be considered at infrared fixed point where QCD β-function is considered to be zero [38] [39] [40] . This subject is also interesting to be investigated from the other literature points of view like the infrared safe mode of QCD [41] or the Ads/CFT [42] and would be valuable to follow it as our further research activity.
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